This paper proves some extensions of Brenier's 1 theorem that an integrable vectorvalued function u, satisfying a non-degeneracy condition, admits a unique polar factorisation u = u s. Here u is the monotone rearrangement of u, equal to the gradient of a convex function almost everywhere on a bounded connected open set Y with smooth boundary, and s is a measure-preserving mapping.
Introduction
The notions of increasing and decreasing rearrangement of a real function of a real variable are classical, see for example Hardy, Littlewoodand P olya 5 . Some novel ideas were introduced into rearrangement theory by Ry in the 1960s. In particular he showed 9 that any real integrable function on a bounded interval could be written as the composition of its increasing rearrangement with a measure-preserving map; this expression has become known as the polar factorisation. In recent y ears Brenier 1 and McCann 7 h a v e taken up the vector-valued case; the monotone rearrangement, which i s t h e gradient of a convex function, plays the part of the increasing rearrangement.
Brenier 1 proved the existence and uniqueness of the monotone rearrangement, de ned on a bounded connected open set with smooth boundary, o f a n i n tegrable vector-valued function. For such domains he also proved the existence and uniqueness of the polar factorisation for a special class of functions, which he called non-degenerate, possessing the property that the inverse image of every set of zero measure has zero measure. McCann's 7 main result ensures the existence and uniqueness of the monotone rearrangement of an integrable vector-valued function on a general set of nite positive Lebesgue measure, but he did not consider the polar factorisation. Our purpose here is to extend this work on vector-valued functions by establishing the polar factorisation for a larger class of functions than Brenier considered, and on general sets of nite positive Lebesgue measure.
In our situation, the monotone rearrangement u of u on a set Y always exists as a consequence of McCann's work. We obtain the measure-preserving mapping by a simple and direct method involving the inverse function of u . This construction is most natural when u is injective o a set of measure zero; we then say u is almost injective. We show that if u is non-degenerate then u is almost injective, thus our results are indeed an extension of Brenier's. We are also able to extend the existence of the polar factorisation to a still wider class of functions, that are rendered non-degenerate by the removal of countably many level sets of positive measure. Before stating the results, we require some de nitions and notation.
De nition Let We n o w proceed to the proofs of these results and some of their rami cations. In Section 3 we discuss existence and uniqueness of the polar factorisation in the context of some examples.
Proofs and Further Results
De nition A mapping s : U ! V , where U; and V;are nite measure spaces, is a measure-preserving transformation if i s : U rL ! V rM is a bijection, where L and M are some sets of zero respectively and measure, and ii s and s ,1 are measure preserving mappings.
Measure-preserving mappings are surjective up to sets of measure zero, but need not be injective.
De nition Two nite measure spaces U; and V; are isomorphic if there exists a measurepreserving transformation T : U ! V .
We justify our earlier assertion that the monotone rearrangement exists and is unique. Let u be an integrable vector-valued function de ned on a measure interval X;, and let Y R Now u ,1 T and u ,1 T have equal measure, so s ,1 S and S have equal measure, which shows that s is a measure-preserving map. It remains to prove the uniqueness of s. If a measure-preserving map t : X ! Y di ers from s on a set of positive measure, then since u is injective, u t di ers from u s on a set of positive measure, so u t di ers from u on a set of positive measure. This shows that the measure-preserving map in the polar factorisation of u on Y is unique. 2 
Proof of Theorem 2

Proof of Corollary 3
The existence of a polar factorisation for a countably degenerate function follows from Theorem 2 and Lemma 5, and uniqueness for a non degenerate function from Theorem 1 and Lemma 5. 2 We show in Proposition 7 following, that if u is non degenerate, then any two monotone rearrangements of u are related by a unique measure-preserving transformation. We need the following preliminary result:
Lemma 6 Let X; and Y;b e m e asure intervals of equal measure, and suppose : X ! Y is a measure preserving map. Suppose further that is almost injective on X. Then is a measure-preserving transformation.
Proof. We lose nothing by assuming that X and Y are real intervals, that = = 1 , and that is injective on the whole of X. It Proof. We can suppose, after removing sets of zero measure, that u; v are injective on the whole of X;Y respectively. Since v is the monotone rearrangement o f u on Y and is injective, we can by Theorem 1 choose a unique measure-preserving mapping : X ! Y such that u = v almost everywhere in X. Discarding a further set of zero measure from X we can suppose that u = v throughout X. Suppose x; y 2 X with x = y. Then ux = v x = v y = uy, hence x = y by injectivity of u. Thus is injective, and is therefore a measure-preserving transformation by Lemma 6. 2 Let X; beameasure interval, and let 
Special Cases and Examples
The one-dimensional case.
The situation in dimension one is well-understood. Consider f 2 L 1 I where I = 0 ; 1 . Ry 9 showed that f has a polar factorisation f = f almost everywhere, where f 2 L 1 I i s the increasing rearrangement o f f , and : I ! I is a measure-preserving mapping.
Suppose f has at least one level set of positive measure, and is therefore degenerate. If : I ! I is chosen to act as a non-trivial measure-preserving transformation on one interval of constancy of f and to x all other points of I, then is measure-preserving and f = f . Thus the polar factorisation is not generally unique in the countably degenerate case.
Suppose on the other hand that f has no level sets of positive measure, which ensures f is increasing but has no intervals of constancy, and therefore f is injective. The uniqueness of the polar decomposition now follows easily, as in the proof of Theorem 1.
It should be noted that this uniqueness of the polar factorisation holds even for degenerate functions that have no level sets of positive measure. An example of such a function can be constructed as follows. Let C I denote the Cantor ternary set and let C 0 denote C with the left-hand end-points of its contiguous intervals removed. There is a well-known construction of a continuous increasing map g of I onto I, that is constant on the intervals contiguous to C, and maps C 0 bijectively onto I. Let f : I ! C 0 be the inverse function of g. Then f is strictly increasing and therefore has no level sets of positive measure but degenerate, because C 0 is a set of zero measure whose inverse image I has positive measure.
A two-dimensional example.
In higher dimensions, for a countably degenerate function having a level set of positive measure, the polar factorisation is not unique, as can be seen by the same argument given above in the one-dimensional case. However, when, in higher dimensions, a function lacks level sets of positive measure, the polar factorisation, if it exists, may not beunique, as may beseen from the following example. Let u : D ! R 2 be de ned on the unit disc D 
